Math 128A, Wed Oct 21
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Use a laptop or desktop with a large screen so you can read
these words clearly.

In general, please turn off your camera and mute yourself.

Exception: When we do groupwork, please turn both your
camera and mic on. (Groupwork will not be recorded.)

Please always have the chat window open to ask questions.
Reading for today and Monday: Ch. 9.
PS07 outline due Monday, full version due in 1 week.

Problem session, Fri Oct 23, 10:00—noon on Zoom.



Two fundamental questions
p{a,‘g) “C?(A @ [b)

Chs. 9 and 10 are about:

» (Ch. 9) Given a group G and a subgroup H of G, can we turn
the (left) cosets aH of H in G into a group, using the
operation of G?

» (Ch. 10) Given an operation-preserving map, or
omomorphism, ¢ : G — H, that is not necessarily a
bijection, what can we say about how the structure of G
relates to the structure of H?

Second question is more natural than the first; but it turns out
that the answer to the second question is best expressed in terms
of the first, so we'll start there.



Example !__é:j G
M |HFH

The index of Hin G =

Let G = Dg, and let

H = (Re0) = {e, Reo, R120, R180, R240, R300} -

G : H| =2, so there are two cosets of H in G: H itself, and
FiH = {F1, F2, F3, F12, Fo3, F34} = FoH = - -

Q: If we multiply one coset tlmes another (a la HK), is the set of
all elements we get a coset7
g T (s 14)



Cr | Fﬁ

P (,‘ e ‘ Reo iﬁuo Riso | Raao i R300 ‘ Fiz ‘ Fas | Faa \‘
e Ri2o | Rigo | Roao | Raoo || F1 | F2 | F3 | Fi2 | Fa3 | Faa
Reo || Reo | Ri2o | Rigo | Roao | Rzoo | € || Fio | Fos | Faa | F2 | F5 | F1
H Ri2o || Rizo | Rigo | Roao [ Rsoo | € | Reo || F2 | F3 | F1 | Fa3 | Faa | F12
Rigo || Riso | Roao | Rzoo | € | Reo | Ruzo || Fo3 | Faa | Fiz | F3 | F1 | F2
Roao || Roao | Rzoo | € | Reo | Rizo | Ruso || F3 | F1 | F2 | Faa | Fr2 | Fo3
Raoo || Raoo | e | Reo | Rizo | Rugo | Roao || Faa | Fiz | Fos | Fr | F2 | F3
Fil| F1 | Fsa | F3 | Fs | F2 | Fia | e | Roao | Ri2o | R3o0 | Riso | Reo
Foll Fo | Fio | F1 | Faa | F3 | Fo3 | Rio | e | Roao | Reo | Rsoo | Riso
Fs|| F3 | Fs | F2 | Fio | F1 | F3a || Roao | Rio | € | Riso | Reo | Rso0
H"FD Fio | F1 | Faa | F3 | Fas | F2 || Reo | Raoo | Riso | € | Raao | Ri2o
CFal Fs | B | Fo | A | P | B || Riso| Reo | Raoo | Rizo | € | Roao
Fsa|| Faa | F3 | Fo3 | Fo | Fi2 | F1 || Rsoo | Riso | Reo | Roao | Ri20 | €







H e ‘ Reo ‘ Ri20 ‘ Rigo ‘ Raao ‘ Rs00 H F1 ‘ Fa ‘ F3 ‘ F12 ‘ Fa3 ‘ F34 H
el e | Reo | Rizo | Rigo | Reao | Rsoo || F1 | Fo | F3 | Fio | Faz | Fas
Reo || Reo | Ri20 | Riso | Roao [ Rao0 | € || Fi2 | Fos | Faa | F2 | F3 | A1
Ri2o || Ri20 | Riso | Roao | Rsoo | € | Reo || F2 | Fs | F1i | Fas | Faa | Fi2
Rigo || Riso | Roao | Rsoo | € | Reo | Rizo || Fo3 | Faa | Fio | F3 | Fi | F2
Roao || Roao | Rsoo | € | Reo | Rizo [Ruso || F3 | Fi | Fo | Faa | Fio | Fa3
Rs00 || Rso0 | € | Reo | Rizo | Riso | Roao || F3a | Fi2 | Faz | Fu | Fo | F3
Fi|l| Fu | Faa | F3 | Fos | F2 | Fi2 || e | Roao | Ri20 | R300 | Riso | Reo
F Fa F12 F1 F34 F3 Fas || Ri2o € Raa0 | Reo | Rso0 | Riso
F|| F3 | Fos | F2 | Fia | F1 | F3a || Roao | Ri2o | € | Riso | Reo | R300
Fiof| Fio | F1 | Fsa | F3 | Faz | F2 || Reo | Raoo | Riso | € | Reao | Ri2o
Fos || Fos | Fo | Fio | Fi | Faa | F3 || Riso | Reo | Rao0 | Ri2o | € | Reao
Fag || Fsa | F3 | Foz | Fo | Fiz | F1 | Raoo | Riso | Reo | Rea0 | Ri20 | €




Two more examples

G = Dg, and now consider

H; = {e, Riso, F2, Faa},

H> = {e, Rigo} C:<R g 0>

Next two slides show Cayley table of G rewritten in terms of cosets
of H; and H,. Again we ask:

» If you multiply two cosets of H; together, do you get a coset
of Hi? l.e., is aHibH; = cH; for some c € G?

» Same, but for H>.
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F23 R120ﬁ-:300 r-‘r’:z F12

Df, H e ‘ Rigo ‘ !"_2 ‘ Fsa H Rso ‘ Raao ‘ F1
ell e |Rigo| F2 | F3a | Reo | Roao | F1 Rizo | Rsoo | F3 | Fi2
Rigo || Riso| e | Fsa | Fo || Roao | Reo | Fo3 | F1 || Rso0 | Rizo | F12 | F3
Fa|| Fo | Faa | e |Rigo| Fi2 | F3 |Ri2o | Rsoo || F1 | Fa3 | Raao | Reo
Fsa || Faa | F2 | Rigo| e Fs | Fi2 | Rso0 | Ri2o | F23 | F1 | Reo | Reao
Reo | Reo | Roao | Fos | F1 || Rizo | Raoo | Fi2 | F3 ||Riso| e | Faa | F2
F 40 || Roao | Reo | F1 | Fa3 || Rsoo |Rizo | F3 | Fiz || e |Riso| F2 | F3a
"R R | Fs [Reo | Reo | Fa | B2 | e |Ruiso| Fs | Fio | Rizo | Raoo
Faz || Fo3 | F1 | Reo | Roao || F2 | Fsa | Riso| e || Fi2 | F3 | Rso0 | Ri20
Rizo || Ri2o | Rsoo | F3 | Fi2 || Riso| e | F2 | F3a || Raao | Reo | F1 | F3
Raoo || Rao0 | Ri2o0 | F12 | F3 e |Riso| Faa | F2 || Reo | Raao | F23 | F1
Fs| Fs | Fio | Rizo | Raoo || Fos | F1 | Reao | Reo || F2 | Fsa | e | Rigo
Fio|| Fio | F3 |Rsoo |Ri2o || Fi | Fa3 | Reo | Roao || Faa | F2 | Riso| e




oy

180 H Fa T'F34‘H Rso ‘R240 H F1 ‘ Fa3 H Ri20 ‘ Rs00 H F3 ‘ F1o H

H

|

ell e |Ruiso| F2 | F3a || Reo | Roao || F1 | Fa3 || Ri2o | Rso0 || F3 | Fi2

Rigo || Riso | e Faa | Fo || Raao| Reo || Fo3 | F1 || R300 | Rizo || Fi2 | F3

Fa|l Fo | Fas e |Rigol| Fiz | F3 || R0 | Rso0|| F1 | F23 || R2a0 | Reo

Faa| Faa | Fo || Rigo| e F3 | Fi2 || Rs00 | Rizo || Fos | F1 || Reo | Ras0

Reo || Reo | Roao || Fo3 | F1 || Ri20 | R300 || Fi2 | F3 || Riso| e Faa | F2
Roao || Roao | Reo || F1 | Fo3 || Raoo | Rizo || F3 | Fi2 e |Rigo|| F2 | Faa

Fi|| F1 | Fo3 || Roao | Reo || Faa | P2 e |Rigo|| F3 | Fi2 || Ri2o | R300

Foz|| Fos | F1 || Reo | Roao || F2 | Fsa || Riso| e Fi2 | F3 || Raoo | Ri2o

Ri2o || Ri2o | Rao0 || F3 | Fio || Riso | e Fo | Faa || Roao | Reo || F1 | F23

R300 || Raoo | Ri2o || F12 | F3 e |Rigo|| F3a | F2 || Reo | Roao || Fo3 | F1

F3| Fs3 | Fi2 || R0 | R3o0 || F23 | F1 || Roao| Reo || F2 | Faa e | Riso
Fio|| Fio | F3 || Rso0 | Rizo|| F1 | F23 || Reo | Roao || Faa | F2 || Rieo| e




The answers

H: = {e, Rigo, F2, F3a},
H> = {e, Rigo} -

» The product of two cosets of H; need not be a coset of Hj.
» But the product of two cosets of Hs is always a coset of H>.
Q: Given H < G, how can we determine if the product of two

(left) cosets of H is always a (left) coset of H?
A: This happens exactly when H is normal.



” e |R180| F2 | F34 ” Reo |R240LF1 Fas |R120 | Eooﬁ { Fiz
2

Riso| F2 | Faa || Reo | Roao |f F1 Rio | Rsoo | F3 | A1
Fio | F3

Reo

Rigo || Riso| e | Faa | F2 || Raao | Reo | F23 | F1 || R300 | Ri20
Fo|l Fo | Faa | e |Ruso|l Fio | F3 | Rioo | Raoo || F1 | Fo3 | Roao
Rigo | e F3 | Fio | R0 \Ri20 || Fo3 | F1 | Reo | Raao

=

F12 F3 R]_go e F34 F2

Faa | Faa | F2

Reo || Reo | Roao | Fo3 | F1 || Ri20 | R300
t;H4b Roag | Reo | _F1 | Fos || Rsoo | Rioo | Fs | Fio | e |Riso| F2 | Faa
Fy Fo| Fs | Rao R601 Fa | P2 e |Rwo || F3 | Fi2 | Rizo | Ra00

Foz || Fos | F1 | Reo | Roso || F2 | Faa

Riso| e Fio | F3 | Rao0 | Ri2o

—
Rizo || Ri2o | Rzoo | F3 | Fio ||Riso| e | Fa | F3a || Roao| Reo | F1 | Fa3
Rs00 || R300 | Ri20 | F12 | F3 e |Rigo| Faa | F2 || Reo | Roao | Fo3 | F1
Fs|l Fs | Fio | Rioo | Raoo || Fas | F1 | Reao | Reo || F2 | Faa | e | Riso
Fiofl Fio | F3 | Raoo | Rioo || F1 | Fa3 | Reo | Reao || Faa | F2 | Riso| e




” e |R180 ” | ” Rso |R24o ” F1 | Fa3 ” R120 | R300 ” F3 | F12 ”

ell e |Rigo Reo | Roso || F1 | Fo3 || Ri20 | Raoo || F3 | Fi2

Rigo || Riso | e Roao | Reo || Fo3 | F1i || R300 | Rioo || Fi2 | F3

e |Rwo| Fi2 | F3 || Rioo | Raoo || F1 | Fo3 || Reao | Reo

Rigo | e F3 | Fi2 || R300 | Rioo || Fo3s | Fi || Reo | Ras0

Reo || Reo | Roao || F23 | Fi || Ri2o | Ra00 || Fi2 | F3 || Riso| e

Roao || Roao | Reo || F1 | Faz || Ra00 | Rioo || F3 | Fi2 e | Riso

Fi|| F1 | Fa3 || Reao | Reo e [Ruso|| F3 | Fr2 || Ri2o | R300
Faos || Faz | F1 | Reo | Reao Rigo| e || Fiz | F3 || Rs00 | Ri20
Rizo || Fi2o | Fsoo || F3 | Fi2 || Riso | € Roao | Reo || F1 | Fos
Rs00 || Ra00 | Ri2o || F12 | F3 e | Rigo Reo | Raao || F23 | F1
F3 || F3 | Fi2 || Ri2o | Rs00 || F23 | F1 || Reao | Reo e | Rigo
Fio|| Fi2 | F3 || Rs00 | Rioo || F1 | Fas || Reo | Reao Rigo | e
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Normal subgroups
l.e., left and right cosets are always the same.
Definition 2
To say that H < G is normal in G means that aH = Ha f3r all

a € G, in which case we write H <1 G.
Examples: G = Dg. "H is a normal subgroup of G"

» For H = (Rgp) and H = (Rig0), we have aH = Ha for all

acG. ':{(,‘?4.-\33 R{-c/ E’f'}

» But for H = {e, Riso, F2, F34}, we have

(’t‘( Hl)
Nst FIH:\FFI ,E'J/ @2‘10,‘?@2&

. h‘\HFl - {F‘/ T:Z.}/ K QO} @"ﬂ)h



Observation: If G is Abelian, then aH = Ha, and so all subgroups are
normal.

This appears most commonly if operation in G is +, in which case we see
thata +H =H +a.

In particular, all subgroups of cyclic groups are normal.



Normal subgroup test

Theorem
Suppose H < G. TFAE:

1. H« G.
2. Forall x € H, x 'Hx C H.
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Example: LetGZDs./'f=<R60>- PF.V% H q G
Try ¢ll % |
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Factor groups

Definition
For H < G, the factor group, or quotient group, G/H is:
» Set: All (left) cosets aH. (Same as right cosets Ha because
aH = Ha.)
» Operation: We define

(aH)(bH) = (ab)H.

Note that this is the multiplication of cosets that you get when you
multiply individual elements — assuming that coset times coset is
coset.

Theorem

G/H really is a gr?up. | — —~~ |
Proof: Hard part is showing thal_operation is weII-defmeQ.e., if
aH = a'H and bH = b'H, is (a'b')H =T(ab)H?
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Example

G = D6, H= <R60>. Then

G/H =

G = D6, H = <R180>. Then

G/H =



G/Z theorem

Theorem
G a group, Z = Z(G) center of G. If G/Z is cyclic, then G is
abelian.

Proof: Suppose G/Z is cyclic. Then G/Z is generated by some
coset aZ, i.e.:



