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Computerized tomography (CT)




Magnetic resonance imaging (MRI)




Electrical Impedance Tomography
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Electrical Impedance Tomography

Viewing the human subject as a mixture of resistance and reactance, we can
evaluate electrical properties of the subject by injecting a sinusoidal current
between two electrodes attached on the surface boundary of the subject and

measuring the voltage drop at the surface. EIT is based on this bio-impedance
techniques.

Extra-cellular

Fluid Cell Membrane

The Plasma Membrane of a Cell and its Elecirical Equivalent

lipid
bilayer

(intracellular space)

Electrical capacitar in PARALLEL with a resstor

Capadtance is analogous to intracellular volume
and resistance is analogous 10 extracellular valume.

Intra-cellular
Fluid



al Impedance Tomography?

conductivity
reconstruction

inject current through surface electrodes
measure boundary voltage data
reconstruct images of conductivity distribution

complex conductivity v = o + iwe




Applications

Medical Imaging

Monitoring of pulmonary function Tissue Resistivity
Imaging gastric emptying [Ohm/m]
Breast cancer detection Cerebrospinal fluid 0.65
Neuroimaging in acute stroke Blood 1.5
Liver 3.5
Lung 7.27-23.63
Geophysics (expiration-inspiration)
Information about rock porosity, fracture formation. Fat 20.6
Imaging underground conducting fluid plumes for Bone 16.6
environmental cleaning.
Non destructive testing Barber and Brown [1984]

Identification of defects (voids, cracks) and
corrosion in materials



Governing Equation in 3-D

Time harmonic electric and magnetic fields at frequency w,

£ = R{Ee“'}), H = R{He™")

Maxwell equations give

VxH = [o+ iwe]E
VxE = —jwpH =~ 0

The electric potential u satisfies E = —Vu
The electric current density J =V x H= —yVu

The governing equation is V - (vVu) =0



The mathematical model

The continuum forward models for EIT

V-(#Vu)=0 in Q
u=YV on 0f2

We may also have Neumann condition

ﬂ,«'f)—uzl on 0f2 and / [ ds=0
on oQ

The DtN map A, : H2(99) — H2(99) is defined as

ou
ANV =~—
/ "on

Calderon: Given the DtN map A, find ~.

Given partial, noisy knowledge of A§1, find ~.

0Q)



Modeling the electrodes

..............................

Using the complete electrode model the resulting time-harmonic
voltage, denoted by 1/, satisfies

(V. (V) =0 in Q £,

.
(UJ’W‘FZ’/{”'W()SJHWN(S}( = UJ’W k:]_ 7L /\5Q
! 7,222 — 0 on 0\ UL &

fgk’\)’wagﬁwzo if kE{l,“‘,L}\{j—l, J}

) duJW R ) ()UJ’W
fg Yo Tgn- ds =1 = fg Yo Zgn ds




The inverse problem of EIT is to reconstruct images of
conductivity o and permittivity distributions ¢ inside the
subject from current and voltage measurements of its
boundary.
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Static EIT reconstruction algorithm

Let = (U - U, -, U —Uj_,)eCt, and
W= (i () —up(7)s oo u(7) — up (7)) € CF

! /

f— (fl, 2. ,fL)

\- o
W

measured voltage set

p. i

computed voltage set with ~

We try to find v which minimizes the difference between computed
data with v and measured data:

L Lt 2
®() = [F — ()P =3 | — o

j=1 k=1




Numerical Algorithm

Gauss-Newton iteration:

Having the initial value ~(%) fixed, the Gauss-Newton step is
AL = A () (H(f))—l vl

(Du(y"))" Du(y1))

(Du(z )7 (u(+ ) ~ F)

/

where the Hessian H(/)

and the gradient Vo)

Gauss-Newton iteration for the least squares methods leads to

/&erJ-Vukdx— I(F—f) jok=12--,L
Q



u1|33 = —0.66 + 0.01i

: /\ f\ﬂsa /\

u|g, = —1.59 + 0.03i
u1|£2 = —0.90 + 0.02i U, vile, = R{ure™}g,

P . i




4 Channel Example — Inverse Problem

Reconstruction of ~ in 4-channel EIT system:

Find a rough structure of v from the following data set F.

k=1 k=2 k=3

f,, | -2.0285 | -1.3025 | -1.0962
f,, | -1.3068 | -2.3413 | -1.3633
fy. | -1.1053 | -1.3724 | -2.5987

_



Simulate NtD data for a given conductivity

For the given injection current [;(j = 1,2, 3),
we compute the complex potential u; satisfying

( V : (’“-"VUJ;) =0 1in Q

f C)UJ. _ _f ﬁ%
7. & o & 1 on 8
,PJI h] A ou; . . .

YHE = 0o0n IQ\ (& U &)

| Vujxn=0o0n¢&; and u; =0 on &

By solving Pj[7y], we obtain the simulated NtD data:

Ist current: uq (f}) £1 ul(’}-’) Es U1(’”}"’) E3
2nd current:  ua ()|, uzr(y)e, ua ()| e,
3rd current:  u3(7)|e, uz(y)le, uz(y)|e,

i



olver

1st current 2nd current 3 current



4 Channel Example - Reconstruction Method

Let uj(~y) be the solution of the direct problem P;[7].

fii 2 fi3 ur(Mle,  wi(Mle, wvi(V)le

fr= | fa fa f u() = | w(Mle  v2(Mle v2(v)le
32 ho f33 (e (Ve w(V)ls

measu redT/oltage set computed voljtrage set with ~

We try to find v which minimizes the difference between computed
data with v and measured data:

Gauss-Newton iteration for the least squares problem vyields:

/ oYVui(y) - Vur(v)dx = uj(y)le, — fix Jj. k=1,2,3
Q



Reciprocity theorem

Reciprocity property: fij = fj

The reciprocity property yields that

\_\ _________________ il |
“fu fi2 f13
fi=| b1t fo3
fao  f33~.f33 |

|
|

IS symmetric
In (L 4 1) channel EIT system, we collect L? data,

and the number of independent data is L(L + 1)/2.



4 Channel Example - Algorithm

Divide 2 intoQ =Q U U---UQp.

Assume that ~ is a constant on each Q,,, m=1.2,---,

Write it as a matrix form Ax = b.

/ JQI Vul
Jo, Vin

Y-
Y-
Vus--
Y-
Yus--
Y-

fQN Vul-
Joy Vor
JQN Vug -
fQN VU2‘
oy Vi
fQN VUg-

Vul
VUQ
VUg
VUl
VUQ
VUl

/ 01 \

\ (5’* N /

]
ey |
[ ]
2
.

/ ur(Y)|e, — 1
Ul(";r")\efg — f12
u1(v)|e, — fi3
ua(v)le, — fa2
U2(’?”)\53 — 3

\ us()|e;, — f33

d &
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4 Channel Example - Simulation

Algorithm
1. Start with the initial guess v =
2. Solve the forward problem P[+].
3. Compute 67 using [, 07Vuj(y) - Vur(v)dx = uj(y)]e, — fik.
4. Update v + 9.
5. Repeat the process 2,3, and 4 with updated ~
&, [teration | () (2 8 Oy
- 0 1 1 1 1
1.2 20 1 0.6023 1.2830 1.1144 1.5003
2 0.5321 1.4344 1.1680 1.8279
15 3 0.5083 1.4852 1.1917 1.9558
0.5 1.5 1 0.5020 1.4971 1.1981 1.9901
5 0.5005 1.4994 1.1996 1.9979
o True 05 15 12 20




|
1.2 +0.003i | 1.8+ 0.008 i
5y | &
0.7+0.010i | 1.5+0.0051i
||
€y
L T IT80 1 . - ]0.01006
i A T d e O DORO
dhs 11.193 L 77 lo.0o493
T el aog 1 eees0,00802

real part after 5 iterations imaginary part after 5 iterations



Effect of a geometry error in static EIT

anomaly
EEEE _EEEE HEEER
o Bl--- == qlij ﬁ?
l .. ™ - £
ol k- - iﬁ -
o - “REg ; BB
| T Ha T
(a) object (b) 100 Hz (c) 50 kHz

Effect of a boundary geometry error in static EIT:
The ellipse is the true domain and the circle is the computational domain in (a).
(b),(c) are reconstructed static images at frequencies of 100 Hz and 50 kHz.






Reconstruction Algorithm

v

In FAEIT, we try to reconstruct time-difference images of o~
minimizing the following functional:

&(67) = || du — (F, — fi,) |17
Gauss-Newton iteration for the least squares method leads to

/ AV - Vukdx :/ (fl — f)g"ds
Q o9



Phantom experiments - tdEIT

conductivitv permittivity
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Imaging experiments using a phantom including an anomaly of acryl in a saline background.



100 Hz 1kHz 5 kHz 10 kHz 50 kHz 100 kHz 250 kHz
i [EhEa VR | W | E—— —' v | R g s i | N +M
0
-M

Imaging experiments using a phantom including an anomaly of b2nana in a saline background.

50 Hz 100 Hz 1kHz 5kHz 10 kHz 50 kHz 100 kHz 250 kHz

AC

Acoe:

Imaging experiments using a phantom including an anomaly of acryl and banan2 in a saline background.



tdEIT

Applications -

Right lateral Left lateral

Sitting

Imaging gastric emptying

Monitoring of pulmonary function



Applications where reference is not available

Ischemic Stroke

- Weakened/diseased

blood vessels rupture.

Mammography

In EIT for breast cancer detection or urgent
neuroimaging in acute stroke, background
NtD data is not available.

Blood leaks into brain tissue

hemorrhagic stroke
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FAEIT using simple difference

Phantom including an anomaly of banana in a saline background:
While the anomaly is frequency dependent, the saline background is

almost frequency independent. And the simple difference works well.

Phantom including an anomaly of potato in a carrot background:
Since the carrot background is frequency dependent, the voltage difference
is dominated by background conductivity including boundary geometry.



Why weighted difference is essential?

In the homogeneous object, the two vectors f,,, and f,, are parallel
in such a way that

When there exists a small anomaly inside the imaging object, the
difference f., — f., significantly depends on the boundary geometry
and electrode positions except the special case where f,, — f., = 0.



Key idea of the weighted difference

We assume that there exist two appropriate frequencies wy and w»
and a complex number «, satisfying the following two conditions:

1. In the region near the boundary, especially near the sensing
electrodes, the weighted difference of the complex
conductivities at wy and wo is negligibly small, that is,

57::12(") = Yy — Yoy =0 —> Gp = 1

fwi oy

’I U:-r.z

Here v, and 7., are the complex conductivities of
background at frequency wi and wo, respectively.

2. The magnitude |67<2(r)| in the anomaly is bigger than that in

1
the background region.



Sensitivity analysis

The following representation formula explains how the weighted
frequency-difference data f,, — apf,, is related to the anomaly.

£a(r) = s (1) = [ 7125 - [Vt (F) = 1V, () | d¥

where '
op(w1) + iwiep(wr)

op(wa) + iwaep(wn)

ap =

and

(op(wj) — oaw))) + iwj(en(w)) — €a(w)))
op(w2) + iwaep(w2)

, J=1,2.



Mechanisms of image contrast

* contrast in complex conductivity between an anomaly and background

* frequency-dependency of a complex conductivity distribution

We can detect D even for the case where o/(w1) = o/(w2) and
e/(w1) = €/(wp) for I = a, b (no changes in conductivity and

permittivity with respect to frequency). In this case, the imaginary
part of the formula can be simplified as

X W2€Eh ( T4 €2 —r;)-V

S{s(1) — awhy (1)} = |D| |22 (2 — &) El )
where r; is the center of the electrode &; for each j =1,--- ., L and
z the center of D. Hence, we can still detect D provided that

Ta # €a
Tpb

€p’



Numerical simulation

reconstructed fdEIT images in case of
o(w1) = o(ws) and e(wy) = e(w2)

for wi/2m =1 kHz and w; /27 = 100 kHz.

ca =22FE —9

|L_1'._|:| d;".u.,'ﬂ - ‘;".u.,:]_ |




FAEIT reconstruction algorithm

The reconstruction uses the least square method for the misfit
functional

W(57) / SU — (, — apf)|* d
S [ o0
Using the fact that V - (5’}"VU£,~1) =V (o (7 + 07)VE),

[ (@12 = 90, - Wl de = (£, = o)

We replace the term uﬁ,l and uX , by u’ and 5 and since 40 f‘ = u{)
where u’ be a solution with v, = 1,

. N ] S k ' '
/ (apYer = Y1)V (ﬁ) -V (i’_o) dr ~ [ (fi‘z . Qj‘bfi‘l)
it 71 V2



Weights in fdEIT

/ to ay, the

As the complex conductivity is changed Imearly from A
corresponding voltage changes from f, to gfw-- To get rid of the

background component from f,,, we decompose f,, as:
fons T
s = L)

f<2 — (lbf + hu}g <—f>
10 Twy

To compute the equivalent constant conductivity #,, corresponding

to 7., we use the following relation:
A Jo YUk - V0

AN
~
Jw
VAN
P

/O

Applying the divergence theorem
0

~ = average of ——
o

ﬁﬂ}>| -2



Robustness of fdEIT

(a) object

Effect of a boundary geometry error:

The ellipse is the true domain and the dotted circle is
the computational domain in (a). (b) and (c) are
reconstructed fdEIT and static EIT images,
respectively at frequencies of 100 Hz and 50 kHz.

“HEE %Ezzl uuuuu
l!ﬁ :
i e -
e eI

(c) static EIT images




Numerical simulation - 2D

Simple Difference fdEIT Weighted Difference fdEIT
Background
(Saline) 5
5
Anomaly
(Cucumber)
— 2
Conductivity (10 ™ S/m)
Frequency X 1
Saline Cucumber ; - -
Imaginary it i
4 0
1 kHz 3.6 44+0413i Part ' .
-1
5 kHz 3.6+00024i 51+151i
2
50 kHz 3.6+00594i 105 +7.59i

Numerical simulations of fdEIT image reconstructions using an imaging object including an
anomaly of cucumber in a saline background. The simple difference produced similar fdEIT

images to those by using the weighted difference since the background complex conductivity
did not change much with frequency.



Numerical simulation - 2D

Simple Difference f{dEIT Weighted Difference fdEIT

05
Background only Real Part 0
(Banana Pieces) 05
-1
Conductivity (10 S/m)
Frequency - 0.1
Banana(pieces) ]
Imaginary
1 kHz 22,09 +10.90i Part 0
5 kHz 2278 +9.68 i 0.1
50 kHz 2829 +15.00 i

Numerical simulations of fdEIT image reconstructions using a homogeneous imaging object
whose complex conductivity value changes with frequency. Reconstructed fdEIT images using
the simple difference show severe artifacts even for a homogeneous case while images using
the weighted difference are free from artifacts.



Numerical simulation - 2D

Simple Difference fdEIT ‘Weighted Difference {dEIT
Background i
(Carrot Pieces) 1
Real Part . 0
i -1
Anomaly
(Banana)
0.2
BE
Conductivity (10 ™ S/m)
Frequency - 0.1
Carrot(pieces) Banana 2
Imaginary ’ 0
1kHz 2077 +10.20i 3.45+1.60i st ]
a
! B 0.1
5 kHz 2073 +8.81i 431+173i a
02
50 kHz 2317 +1230i 1022 +515i

Numerical simulations of fdEIT image reconstructions using an imaging object including an
anomaly of banana in a background of carrot pieces. The weighted difference produces

meaningful fdEIT images while the simple difference failed to extract the contrast between the
anomaly and the background .



ents

Simple Difference fdEIT  Weighted Difference fdEIT

Imaging experiments using a phantom including two anomalies of carrot and banana in a saline
background. Both of simple and weighted difference successfully produces fdEIT images since
the background complex conductivity did not change much with frequency.

Saline

Real Part

Imaginary
Part

Carrot Banana




Simple Difference fdEIT  Weighted Difference fdEIT

o . .
Imaginary

Mixture of Carrot Part

Pieces and Saline

Imaging experiments using a homogeneous phantom filled with carrot pieces. Its complex
conductivity changes with frequency and the simple difference produced fdEIT images with
bigger artifacts compared with those using the weighted difference.



Simple Difference fdEIT  Weighted Difference fdEIT

Real Part

Imaginary
Part

Macerated Banana

Imaging experiments using a homogeneous phantom filled with macerated banana. Its complex
conductivity changes with frequency and the simple difference produced fdEIT images with
bigger artifacts compared with those using the weighted difference.



Simple Difference fdEIT Weighted Difference fdEIT
Banana

Real Part

Imaginary
Part

Mixture of Carrot
Pieces and Saline

Imaging experiments using a homogeneous phantom including an anomaly of banana in a
background of carrot pieces. The amounts artifacts are bigger in images using the simple
difference.



Simple Difference fdEIT  Weighted Difference fdEIT

Imaging experiments using a homogeneous phantom including an anomaly of carrot in a

background of macerated banana. The amounts artifacts are bigger in images using the simple
difference.

Real Part

Imaginary
Part

Macerated Banana




one-layer cylinder model two-layer cylinder model head model



we QPP
o P PO P
wr: PP OPOOOOO®
= P OPOPOO0O0O®

. height

One-layer model filled with saline background and one cucumber anomaly



del

mm.........
o PO OODODOO®
mwooooooooo
SD imag o @J { y :‘ @ .

5 height

One-layer model filled with banana background and one cucumber anomaly



wet JPIIOOOOCOCOCCEEC
v P00 OO0OOCCOOCCE
wir: § P OP00000000000
> 9000000000000

[

0 1 2 3 4 5 6 7 8 9 10 11 12

height

Two-layer model filled with saline background and one cucumber anomaly



wer G O00000000000
N N N N NN N N N N N
wis P PPPDOOOOOOOO O
o P OPOOO0OOOOO00O

0 1 2 3 4 5 6 7 8 9 10 11 12
height

SD real

Two-layer model filled with banana background and one cucumber anomaly



WD real

SD real

WD imag

SD imag

8848 82838

©O0CLE6EE6E66 0
©00EL 66660
N XN NN NNNN.
" T X RN KKK

0.601 1.101 1.601 2.101 2.601 3.101 3.601 4.101 4.601

head model filled with saline background and one cucumber anomaly

[
>

height



model

8848 82838

-

WD real ‘ .

SD real

0.601 1.101 1.601 2.101 2.601 3.101 3.601 4.101 4.601

head model filled with banana background and one cucumber anomaly
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